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I. ZIrTDUC1ZOM

In this paper the electromagnetic fields are calculated for a basic
source-model in which an unspecified charge-separation process results in the
linear build-up of charge at a fixed point, while an equal but opposite charge
flow away from the point with constant velocity in a straight line. This
model might apply to the cAse of a free-space ion-gun, which when suddenly
switched on, produces a bean of current while charge builds up on the gun.
The model assumes a current in the form of a step-function thus providing the
basis for treating more complicated current variations by linear superposition
methods. For example, the fields from the time-varying current wave which is
excited by a corona discharge at the end of a long straight conductor might be
synthesized In this way.

Whereas some aspects of a similar but less general problem have already
been treated,1 the present work develops the complete solution for arbitrary
observation distances, directions and times. In addition Sections 6, 7, and 8
consider the fields caused by generating the current at one point, and stop-
ping (absorbing) it at another. This process creates a charge dipole of
finite length and varying moment.

2. RTARDED POTEITIALS FOR THE CURUT-(ZERATION

Figure 2.1 illustrates a cylindrical coordinate system in which the
observation point P has the coordinates r, x, 0, the *-direction being into
the plane of the figure. The charge separation process is localized at the
origin 0, and starts at tim t - 0. This process feeds charge at a constant
rate into the line represented by the positive Z-axis, and the charge moves at
constant velocity v in the form of an advancing step-functioa of charge den-
sity pcoul/m. The moving charge is equivalent to a current behind the front.

J - vp (2.1)

An equal but opposite charge

q -Jt (2.2)

builds up at the origin and remains there.

With all charges and currents confined to one dimnsion (Z-axis) the
volume integrals of the general expressions for the retarded potentials 2

reduce inmsdately to single Integrals. Also because of symmetry with respect
to 0, there is only one component of the magnetic vector potential K, namely

Az(r, ;t) R fI d I  (NKS)

1 (2.3)

Here

S" (z'z)+ r2  (2.4)

L oS, l .A Railaioa fre Ideaasted Shook xeultatie Currentseas a
stralehe Ceaduter E1lan Le. £ aerdea larth at sn Arbtrary Aq.e"
Eia~eemmesle gave FWOsaa.o Academic Pess, 1,36, ps3s.

SateM, J.A. Xleft 3met La Thear, N0r-I411, 1941.
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P (r.o~z)

Zff

z
Z,

0

Figure 2. 1

Coordinates In the Plane Containing the Line-Charge and the
Observation Point, P
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r(T7 (2.5)

and the current J at point P is to be evaluated at the "retarded time"

T - t - Ril/c

(2.6)

In the integrand, J Is zero for t less than R/c, and so also is A3*

The retarded time T is the time a wavelet travelling with free-space velocity
c, would have to leave the element of Integration dz, at z - :1. in order to
arrive at point P at time t. At the moment when the front edge of the step-
function has reached tim point z - zf, a time zf/V has already elapsed. The
first contribution from the element at zf does not reach the observer at P
until after a further time-interval if/c where

ifi 4 72~f f f. (2.7)

see Figure 2.1.* Thus the arrival time of the first wavelet from the element
at Af is

v a 1 4 7 7 (2.8)

This "time-distance" equation can be solved to give zf as a closed-form func-
tion of r, z, and t, see Appendix A. The resulting expression Is rather
cumbersome, and It happens that the Inversion process can often be avoided,
especially In tmerical work. The main features of the solution my be under-
stood by noting In Figure 2.1 that if R>> zf,

Rf R-i.z fcosea

(2.9)

and

f + f cs

(2.10)

3
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that Is

f 1 - 0come (.1

where B-b/c. If 0 a and if GsVO, the denominator is small, and Zf can
be correspondingly large.

With the sam notation, the scalar potential, see Stratton,2 is

R(~~)- -I dz 1  (t >3./c) (2.12)

For convenience this Integral will he considered to have two parts:

* ** , (2.13)

where 4. is due to the moin charge, and ** is due to the tim-varying, but
stationary charge at th-e-Mi~gin. Then

4,rg ~dz 1
a 1W10R (2.14)

where the lover bound of Integration excludes the origin. The integration
over the stationary charge at the origin is a degenerate one, giving immedi-
ately

1(T
0

- t-i/c)

4wtOR(2.15)

on using Equation 2.2.

For a given set of values (r, x, t) there is no contribution to the
Integrals for As and 4 from those elements for which z1 > zf and there is
never any contribution from elements with negative values of z. Also, within

the range O<l$:f, P and J are constant, so that

A(tgx;t) 4w 1 (2.16)

4



and

41coV (2.17)

vhere

z f dzt

I ]f Z) (2.18)

On getting
z - zl (2.19)

z- E 
(2.20)

m [n(2.21)
-Zf

as my be verified by differentiation. Thus,

(2 P + r) In -zf 4(-fT /2 (2.22)

This provides the formal solution for the retarded potentials in exact closed
form. The next section discusses the derivation of the fields from the
potentials - a procedure in which it must be remembered that zf contains r, a,
and t through the tim-distance equation (Equation 2.8).

3. EXACT FIELDS FOR THE CURRENT-GENERATION

The electric and magnetic fields are to be obtained from the potentials
by means of the standard vector operators:

at (3.1)

0O (3.2)

W

" " " ." " ",J" I .~r G } '}1 W' f .r W, .h l :- -h '



In cylindrical coordinates with the present axial symmetry (no dependance on
) there are only three basic field components:

N - z

0 (3.3)

34 Aa, z

SU(3.4)

r Tr (3.5)

Each of the above electric field components can be regarded as being the sum
of contributions from the moving and stationary charges. Denoting these be
subscripts a and s respectively,

z "z +z (3.6)

Zr = ra ra s(3.7)

Remembering that 4 also has two parts, see Equation 2.13, it is evident from
Equation 3.4 that

% - " z (3.8)
SIR Tz at

and

15 (3.9)as

Similarly, from Equation 3.5,

"- (3.10)

Ers " - (3.11)

6



Since by Equation 2.15,

Jt +
a 41rclR 411,C

- R -'
3R e 4 R2  (3.12)

0

and

at a a 3R it Jt
Tr-If 3r 4we 2  (3.13)

On differentiating Equation 2.5, and referring to Figure 2.1,

DR z
3: - i Cosa

(3.14)

3Rt r.snSsin (3.15)

Then

Jt Cosa
z2 411c 0 (t )R/(3.16)

and

!E Jt sinO

rs 4w R 2 (t >'R/c) (3.17)

Referring to Equations 2.16 and 2.17, Equatipn 3.8 gives

- -w4o v  + ¢ / (3.18)

while by Equation 3.10,

zru " -e~ Tr" (3.19)



Similarly, Equation 3.3 becomes

31H " - 4 " (3.20)

On writing B = v/c, and Z4 o i .-

*q Zo 0S(3.21)

It remains to develop expressions for the partial derivatives of I. Noting
from Figure 2.1 that

. R f f - C o 5 8 f ( 3 .2 2 )

and

if (3.23)

differentiating Equation 2.22 with respect to r gives

r +zi + -. z-z+ ) -F- + r

." + 44 7+ 2+

R(1+cose) +  r f (t+vzo5f)
sinne sine

sin sin f + -1aaSf (3.24)

-- t(l+cose) Rf (l+cosefy 2f r

8



Simlarily,

-x (~Z-f)e

31 ~ ~ 7 - ____________

Z~ZF+(Z-Zf) + r

I + COsef 3Zf

Rf(l +Cosef) at

I az fz (3.25)

Also

3z 3z +1 lT~ (Z-zff) +

-, +( 3 2) 3.6

T; (2 I sO 3f (3.26)~

0 .. -z . -A----

v ar c 3r c

whence

aZf a&& inf

ar I - OCO5O f (3.27)

9



Similarly, differentiation of Equation 2.8 with respect to - gives

0 as c+1 -(Z-Zf) + r2

I a- -+ -.i faz /s

whence
3zf B Cosef
-W- T - cosef (3.28)

Similarly differentiation of Equation 2.8 with respect to t gives

v- 3t + 1(zzf)2 +

.•zf + € cosf 3 2f

v at c at

whence

4 
3 f v
Mt- 1 - a "ose f' (3.29)

It follow from Equation 3.24 that

a1 sine - nef B5LUnf
T -(1-+cosO) - f(I+Cosef)" R f (1iOCOsOf) (3.30)

Similarly

t" " falcasef) (3.31)

and

31 o°sef 1I I . osaf " f(-i osef) (3.32)

10



On applying Equations 3.31 to Equation 3.20,

L fin0  sinef sinef
% - W L(1+€os) - If(1+Cosf) -f(1-cosf) (3.33)

Similarly, from Equation 3.18

ES v - f(1cof) 88 + Rf(l-cosef)

" - a - Rf(I-Ocosf)] (3.34)

and from Equation 3.19,

J. sin . snee sf ine f
Zrm 4we v LR(l+cos*O) Rf(l+ecose-f) Rf(1Oo )(.5

0. _ -- 8cs1 (3.35)

Equations 3.16, 3.17, 3.33, 3.34, and 3.35 constitute the exact formal
solution for the fields generated by the charge separation process and the
accompanying current flow. The quantities Rf and Of may be found in terms of
zf using Equations 2.7 and 3.22, while zf can be found as a function of t by
inverting the time-distance quation (Equation 2.10) as discussed in Appendix
A. For numerical calculations it may be expedient to regard zf as the inde-
pendent variable, and to compute the fields and the associated observation
time as separate exercises. This approach is illustrated in Section 5.

The above solution gives the fields resolved In a cyclindrical coordinate
system, that is, they are resolved in the r, -, and z- directions. For
completeness the solution will now be re-cast into components appropriate to a
spherical coordinate system, that is, in the coordinate directions R, 6, and
*, The *-component (magnetic field) is the same in the two systems, while
the others transform in ways that are obvious from inspection of Figure 3.1.
Thus

E- Ec oso+ E sine

(3.36)

Ee - - Ez sine + Er cos(
(3.X37)



z

Ez /ER

Er

* 0

Figure 3.1

Relaionof Electric Field-Components In Cylindrical and
Spherical Coordinate Systems
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Then the fields of the stationary charge, Equations 3.14 and 3.15, appear in
spherical components as

Jt

ow 
(3.38)

ROS * I es 0(3.39)

Similarly, the fields of the moving charge become

J " 1 [1V - S 1 1 cos e

- R(1+cosI) - Rf(l+WosO.) - Rf(l-8 so5f) cor, 8

C cos e 1 -2 1 in e
IiB

S+ (l+)osf - 17 I5u coso

L W(3.41)

13



4. LKIITIhG FORMS FOR LARGE DISTANCES AND EARLY TIMES

If R Is large and xf is small, a situation which may occur when the

current-front has not yet moved far from the origin, some simplified limiting
forms can be obtained. Thus

Rf R (4.1)

fe (4.2)

and from Equation 3.24,

J Bsine
* 3 *-R• I-i3os8 (4.3)

and by Equation 3.27,

J o sine (4.4)itm R I g' - 13 €osO 44

Using Equation 3.25,

WcJ . ocos-BRu "" (Woa 1-6€e 4.5)

In spherical coordinates, the radial component simplifies Immediately:

JZ3 0l'iKm "" 7[ -i
* o (4.6)

while

B* J . sBlinG

o4ir cR 1 T coe 0 (4.7)

Also at early times

C (4.8)

14



IF U, i

and by Equation 3.30,

i 4we0  (4.9)

so that
il R iRS + ERa .0

Since lees - 0 (see Equation 3.31),

e E* Zo0 (4.10)

To summarize these limiting forms, valid for large distances and early time,
It is concluded that (a) the radial or R-field of the moving charge cancels
the field of the stationary charge giving no net radial field, (b) the tangen-
tial electric field and the azimuthal magnetic field are related to each other
as in a plane wave, or as In the far field of an oscillating infinitesimal
dipole, (c) the directional pattern differs from that of an Infinitesimal
dipole by the factor

Y c - (4.11)

This factor can produce a very large effect if B is close to unity, but the
effect is small if 0 is small. in any case y-1 at 8 - 90. Figure 4.1
Illustrates the behaviour of the directional pattern

1(B) - a Coo (4.12)

for two values of B.

(d) The radiation fields are axiuau in the cone of directions for which

, e -cos~
(4.13)

and

F-

02 (4.14)
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Directivity Patterns for Early Times
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(e) Like the stepfunction of the source current itself, these limiting forms
for large distances have sudden onsets, and constant amplitudes.

The radiated power may be found by considering the electromagnetic energy
density between two expanding wavefTonts at a large distance from the origin.
Figure 4.2 illustrates the positions of two spherical wavefronts at time t.
The outer wavefront started from the origin 0 at time zero, and hence is at a
radius R - ct. The inner wavefront was radiated from point A, at a time

At -O -later, and hence appears at radius
V

1A M c(t-At) - R - cAt (4.15)

It may be seen from Figure 4.2 that the width Aof the space between the
wavefronts in the 0-direction Is given approximately by

AW : R - R - OAcos eA (4.16)

and in the limit,

dW - cdt - vdt cos 6 - (1-OcosS)cdt (4.17)

Now If the volume density of electromagnetic energy Is taken to be

Al 2 +1 U 2 j=ai-3

c i 0 ' 2T% ools (4.18)

(See Stratton,2 p. 111, Equation (32), and p. 124, Equation (34)) it follows
from Equation 4.10 that

5 ' . 1 2o: 1 2~): 2/H
2 0  0 o (4.19)

J2 o  82 sin2e

= 16' "' (l_.€ose)2 (4.20)

by Equation 4.3.

17
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The energy du between the vavefronts is found by integtation using an
elemental volume illustrated in Figure 4.3. The element is a ring of radius
Rsin 8, and a crossectional area R dG dW, and volume

2
dv - R sine de dW

a €R2 sine (1-Ocos6)dt de (4.21)

Then

du - f(~ dv
volume

J 2 oc dt- •02 B(B ) ,
16w2  (4.22)

where

B(B 2 sin30
1 -B €os0 dc d(4.23)

f2. 1 - Cg 2

f (4.24)

-1

This integral is readily evaluated using standard forms, (for example Dwight 3

Items 90.1 and 92.1) and after some algebraic reduction it is found that

B(O) - 2 ~ + 8t
S-8 (4.25)

The function B(B) is illustrated in Figure 4.4: it varies from 0 to 2 and

varies from 0 to 1.

Since the energy du was radiated in time dt, the radiated power was

dU a j2 Z o( )

dt 06
2  

(4.26)

3 Wu L , R.I, "Tables a Iatet als .id Othet Nehtm ltal Data,

JaNedd m, 191.
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figure 4. 3

Element of Integration
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The power radiated is evidently equivalent to the power that would be expended
If the current J were flowing in a "radiation resistance"

ZoR

Wr (4.27)

Since B has the maximum value of 2, the maximum value of R is 4.7746 ohms.

The preceding results for a step-function current transient can be used
to calculate the fields from an arbitrary current-transient propagating along
a straight line without change of amplitude of shape. Such a transient can be
considered to consist of a linear superposition of elemental step-functions,
and it follows that the early-time and large-distance radiation waveforms
resemble the waveform of the current when displayed on appropriate amplitude
and time scales. For example; a current Impulse in the form of a delta-
function can be modelled by a positive step-function followed, after a
short delay At, by an equal but negative current-step. The latter in effect
cancels the former after a current-impulse At J - q is delivered. The
duration of the fields is also At, and the field impulses follow immediately
from Equation 4.7:

/,zd foHdt .go.. B sinG -1

f Pon dt Z a - 4dt CR 1 -B o8 volt * sec % m (4.28)

5. NMRICAL EXAMPLE

In certain practical cases it may not suffice to consider only early
times, or only fields varying as i/a, as was done in Section 4. In those
cases it may be expedient to resort to ,mnmerical work with machine computa-
tion. In this Section fields are calculated for the following numerical
example

J - 1 amp

- 0.99

cose - 0.99

(0 a 8.1096*)

* - case - 0.99

r - sin0 - 0.141067
(5.1)

22
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Then by Equation 2.7,

2f (5.2)

and by Equation 3.22,

COSef a 0.99 - Z 53

Also, by Equation 3.23,

sie- 0.14106

sin Rf (5.4)

From Equation 2.8,

t T + R (5.5)

where c U 3108 ti/s. The first fields arrive at time t -3.33333 flu.

Equation 3.33 reduces to

- I' 0.70881 - 0.28071 1___ _

r R 2 osO f)(1-acose J a/m(5.6)
f

While by Equation 3.21

rm- 380.*79991f* / (5.7)

If tug Is time in nanoseconds, Equation 3.17 gives

Era 1 .2 6 7 8 tu no v/U (5.8)

- 380.799H - 1.2678t us(5.9)

By Equation 3.16, similarly,

ZZO 89104n V/S(5.10)

23



Finally, by Equation 3.34

E - - 30.3030 + - 0.20101
- 0.9801 + 0.99z * (5.11)

and

£z  23 Ez ZM (5.12)

By assuming various values of xf, the corresponding values of t, If, and cos
were found. With these, values of the fields were calculated, and the results
are sketched in Figures 5.1, 5.2, and 5.3. It may be noted that the shoulders
of the curves are definitely rounded, whereas it was seen in the previous
Section that the early-time far-fields have abrupt (discontinuous) onsets.

6. CURRENT GENERATION AND ABSORPTION

In the previous Sections the travelling current-front was assumed to
continue along a line indefinitely, but in some cases of interest the model
should provide for stopping, and even reversing, the current at an arbitrary
point. For example, a current wave on a conductor of finite length must stop
or reverse when the end is reached. These cases can be treated by linear
superposition of solutions of the basic model already discussed. For example,
the advance of the current front can in effect be stopped at a point by start-
ing a new current at that point. The current travels in the same direction
but has opposite sign so as to cancel the original current. Similarly, a
current reversal can be modelled by stopping the original current as just
described, and generating a third current having the same sign as the original
one, but travelling In the reverse direction.

-The case of stopping the current will be considered in more detail. It
will be assumed as before that the current step is generated at the origin of
coordinates but now when the front reaches the point z - L, see Figure 6.1,
the new current begins. This (negative) current leaves an increasing positive
charge at a - L, and this is of course equivalent to the positive charge that
would accumulate when the original current Is stopped. The original current
front reaches the point z - L at time L/v, and the effects of this arrival
reach the observer at time

tLY
(6.1)

where

(6.2)
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z-L4

0 r

I figure 6.1
Version of figure 2.1 for the Case when the Upward-Advancing

Current-Front is Abeorbed at z-L
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Prior to that instant the fields at the observer are exactly the same as in
the previous case. After that instant the new fields must be added. The lat-
ter can be calculated using the previous formulas, except that the origin of
coordinates for the new fields is at z - L, and not at z - 0

Whereas the fields are readily calculated, formally combining the various
expressions is rather cumbersome except in the limiting case when R and RL are
large. This special case is discussed in Section 7.

7. LIMITING FORMS WITH CURRENT ABSORPTION

Figure 7-1(a) is an aplitude-time representation of the radiation-field
waveform at a great distance, caused by the generation and absorption of a
positive current-step. The field lasts for a time AtL given by Equation 7.4.
Figure 7-1(b) illustrates the radiation waveform of a negative current step of
the same amplitude, but delayed a short time At from the positive step.
Figure 7-1(c) illustrates the linear combination of the two previous wave-
forms, and hence represents the radiation waveform of a current impulse. It is
seen that the radiation waveform consists of two Impulses-a prompt impulse,
followed by a delayed impulse of opposite sign. Since any arbitrary current
wavefor can be considered to be made up of a sequence of current impulses of
suitable amplitudes, the corresponding radiation waveform is followed by a
similar but inverted and delayed waveform, beginning after the time AtL.
Thus if Figure 7-2(a) represents the waveform from generating the current,
then Figure 7-2(c) represents the composite radiation waveform.

The radiation field due to the generation of the arbitrary current I (t)
is proportional to I(t-1) , while the "absorption field" is proportional to

R
-I(t- AY

Thus the composite field is proportional to

I(t- R) - R (7.1)
a AtL tyd(.1

and hence to

L .dc . (7.2)
v dt

when L and v/c are small. This proportionality of the radiation field to
length times ratw-of-change of current is a well known result with convention-
al infinitesimal dipole radiators.
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464

(a) Radiation Wavef ors From Generating and Absorbing a Positive
Current Step

-mim H-SLAYAI

(b) Radiation Waveforms From Gewierating and Absorbing a Delayed
Negative Current Step

AtL

(c) Composite Radiation Waveform

Figure 7.1

Generating and Absorbing a Current Impulse Gives a
Double-Impulse Radiation Field
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(a) Illustrative Radiation Waveform, From Generating an
Arbitrary Current

(b) Corresponding Radiation Waveform From Absorbing the Current

(c) Composite Radiation Field

Figure 7.2

Synthesis of Radiation Field from Generating and Absorbing
an Arbitrary Current
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Appendix A:

Inversion of the Time-Distance Equation

On writing the time-distance relation, Equation 2.8, as

Vt - zf - B (zzf)2 + r 2

f f (A.1)

with 3 = v/c, squaring both sides gives

,2 2_ 2vt + z2. ,2(z 2...2.22+r2
(A.2)

This when re-arranged reads

(i2 )z 2 - 2Pz + -0,

f- f Q (A.3)

where

(A.4)

v t 2 -B2 2 r 2(A.5)

There are two solutions to the quadratic Equation A-3, namely

z f a t 2 - 8 ( 2 )0 (A.6)- 2

To select the physically significant root, It is noted that with t - R/c, the
quantity Q a 0. For equation A-6 to give the correct value zf a 0 for that
case, It is evidently necessary to choose the negative sign.
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